Abstract. -Let K be a totally imaginary number field. Denote by G ur K (2) the Galois group of the maximal unramified pro-2 extension of K. By comparing cup-products in étale cohomology of SpecO K and cohomology of uniform pro-2 groups, we obtain situations where G ur K (2) has no non-trivial uniform analytic quotient, proving some new special cases of the unramified Fontaine-Mazur conjecture. For example, in the family of imaginary quadratic fields K for which the 2-rank of the class group is equal to 5, we obtain that for at least 33.12% of such K, the group G ur K (2) has no non-trivial uniform analytic quotient.
Introduction
Given a number field K and a prime number p, the tame version of the conjecture of Fontaine-Mazur (conjecture (5a) of [8] ) asserts that every finitely and tamely ramified continuous Galois representation ρ : Gal(K/K) → Gl m (Q p ) of the absolute Galois group of K, has finite image. Let us mention briefly two strategies to attack this conjecture. − The first one is to use the techniques coming from the considerations that inspired the conjecture, i.e., from the Langlands program (geometric Galois representations, modular forms, deformation theory, etc.). Fore more than a decade, many authors have contributed to understanding the foundations of this conjecture with some serious progress having been made. As a partial list of such results, we refer the reader to Buzzard-Taylor [5] , Buzzard [4] , Kessaei [15] , Kisin [16] , Pilloni [27] , Pilloni-Stroh [28] , etc. − The second one consists in comparing properties of p-adic analytic pro-p groups and arithmetic. Thanks to this strategy, Boston gave in the 90's the first evidence for the tame version of the Fontaine-Mazur conjecture (see [1] , [2] ). This one has been extended by Wingberg [35] . See also [21] and the recent work of Hajir-Maire [14] . In all of these situations, the key fact is to use a semi-simple action. Typically, this approach gives no information for quadratic number fields when p = 2.
In this work, when p = 2, we propose to give some families of imaginary quadratic number fields for which the unramified Fontaine-Mazur conjecture is true (conjecture (5b) of [8] ). For doing this, we compare the étale cohomology of SpecO K and the cohomology of padic analytic pro-p groups. In particular, we exploit the fact that in characteristic 2, cup products in H 2 could be not alternating (meaning x ∪ x = 0), more specificaly, a beautiful computation of cup-products in H 3 et (SpecO k , F 2 ) made by Carlson and Schlank in [6] . And so, surprisingly our strategy works only for p = 2 ! Given a prime number p, denote by K ur (p) the maximal pro-p unramifed extension of K; put G 
, and consider the n × n-square matrix M K := (a i,j ) i,j with coefficients in F 2 , where
thanks to the fact that here H 3 et (SpecO K , F 2 ) ≃ F 2 . As we will see, this is the Gram matrix of a certain bilinear form defined, via Artin symbol, on the Kummer radical of the 2-elementary abelian maximal unramified extension K ur,2 /K of K. We also will see that for imaginary quadratic number fields, this matrix is often of large rank. First, we prove:
Theorem. -Let K be a totally imaginary number field. Let n := d 2 Cl K be the 2-rank of the class group of K.
(ii) Moreover, Conjecture A holds (for p = 2) when:
• n = 3, and rk(M K ) > 0;
• n = 4, and rk(M K ) ≥ 3;
• n = 5, and rk(M K ) = 5.
By relating the matrix M K to a Rédei-matrix type, and thanks to the work of Gerth [11] and Fouvry-Klüners [9] , one can also deduce some density information when K varies in the family F of imaginary quadratic fields. For n, d, X ≥ 0, denote by
has no uniform quotient of dimension > d}, FM n,X := {K ∈ S n,X , Conjecture A holds for K}, and consider the limits:
FM n measures the proportion of imaginary quadratic fields K with d 2 Cl K = n, for which Conjecture A holds (for p = 2); and FM
n measures the proportion of imaginary quadratic fields K with d 2 Cl K = n, for which G ur K (2) has no uniform quotient of dimension > d. Then [11] allows us to obtain the following densities for uniform groups of small dimension: To conclude, let us mention a general asymptotic estimate thanks to the work of FouvryKlüners [9] . Put
Our work allows us to obtain:
Corollary 2. -One has: [2] ≥ 0.994714, and FM [3] ≥ 1 − 9.7 · 10 −8 .
This paper has three sections. In Section 1 and Section 2, we give the basic tools concerning the étale cohomology of number fields and the p-adic analytic groups. Section 3 is devoted to arithmetic considerations. After the presentation of our strategy, we develop some basic facts about bilinear forms over F 2 , specially for the form introduced in our study (which is defined on a certain Kummer radical). In particular, we insist on the role played by totally isotropic subspaces. To finish, we consider a relation with a Rédei matrix that allows us to obtain density information.
Notations.
Let p be a prime number and let K be a number field. Denote by
Recall that the group G ur K (p) is a finitely presented pro-p group. See [17] . See also [25] or [12] . Moreover by class field theory, Cl K is isomorphic to the abelianization of G ur K (p). In particular it implies that every open subgroup H of G ur K (p) has finite abelianization: this property is kwnon as "FAb".
1.
Etale cohomology: what we need 1.1. -For what follows, the references are plentiful: [22] , [23] , [24] , [31] , [32] , etc.
Assume that K is totally imaginary when p = 2, and put X K = SpecO K . The Hochschild-Serre spectral sequence (see [23] ) gives for every i ≥ 1 a map
where the coefficients are in F p (meaning the constant sheaf for the étale site X K ). As α 1 is an isomorphism, one obtains the long exact sequence:
where
∨ is the Pontryagin dual of the group of pth-roots of unity in K.
-Take now
In [6] , Carlson and Schlank give a formula in order to determine the cup-product x ∪ y ∪ z ∈ H 3 et (X K ). In particular, they show how to produce some arithmetical situations for which such cup-products x ∪ x ∪ y are not zero. Now, one has the commutative diagram:
The computation of Carlson and
Schlank. -Take x and y two non-trivial characters of
is even, and then (a y ) has a sense (as an ideal of O K ). Let us write
y,i .
Denote by I x the set of prime ideals
x is the set of primes of K such that the Frobenius at p generates Gal(K x /K)). 
Proposition 1.1 (Carlson and Schlank
). -The cup-product x ∪ x ∪ y ∈ H 3 et (X
) is non-zero if and only if,
is trivial, the condition is well-defined.
Let us give an easy example inspired by a computation of [6] . 
, and apply Proposition 1.1.
Uniform pro-p-groups and arithmetic: what we need
2.1. -Let us start with the definition of a uniform pro-p group (see for example [7] ).
Definition 2.1. -Let G be a finitely generated pro-p group. We say that G is uniform if: − G is torsion free, and [7] . See also [20] .
Example 2.5. -The correspondence between p-adic analytic pro-p groups and Z p -Lie algebra via the log/exp maps, allows to give examples of uniform pro-p groups (see [7] , see also [14] ). Typically, let sl n (Q p ) be the Q p -Lie algebra of the square matrices n × n with coefficients in Q p and of zero trace. It is a simple algebra of dimension n 2 − 1. Take the natural basis:
(a) for i = j, E i,j = (e k,l ) k,l for which all the coefficient are zero excepted e i,j that takes value 2p;
where d i,i = −2p. Let sl n be the Z p -Lie algebra generated by the E i,j and the Recall by Lazard [18] (see also [34] for an alternative proof): Theorem 2.6 (Lazard [18] ). -Let G be a uniform pro-p group (of dimension d > 0). Then for all i ≥ 1, one has:
where here the exterior product is induced by the cup-product.
As consequence, one has immediately:
Remark 2.8. -For p > 2, Theorem 2.6 is an equivalence: a pro-p group G is uniform if and only if, for i ≥ 1,
Let us mention another consequence useful in our context:
Proof. 
Arithmetic consequences
3.1. The strategy. -Usually, when p is odd, cup-products factor through the exterior product. But, for p = 2, it is not the case! This is the obvious observation that we will combine with étale cohomology and with the cohomology of uniform pro-p groups.
From now on we assume that p = 2.
Suppose given G a non-trivial uniform quotient of G ur K (p). Then by the inflation map one has:
by the inflation map. In other words, one has the following commutative diagram:
But by Lazard's result (Theorem 2.6), β 0 (a⊗a⊗b) = 0, and then one gets a contradiction if [13] . We will see later the reason.
Proof. -Let us start with a non-trivial uniform quotient G of G ur K (2). As by class field theory, the pro-2 group G should be FAb, it is of dimension 3, i.e.
, and the "strategy" applies. Now, we would like to extend this last construction. 
Bilinear forms over F

rk(B).
Proof. -Let W be a totally isotropic subspace of V of dimension i. Let us complete a basis of W to a basis B of V. It is then easy to see that the Gram matrix of B in B is of rank at most 2n − 2i.
This bound is in a certain sense optimal as we can achieve it in the symmetric case. 
Moreover, ν(B) = n − r + r 0 = n − r 0 − δ.
When (V, B)
is not necessary symmetric, let us introduce the symmetrization B sym of B by
One has:
In particular, ν(B) ≥ n − 3 2
rk(B).
Proof. -It is easy. Let us start with a maximal totally isotropic subspace W of (V, B sym ). Then B |W is symmetric: indeed, for any two x, y ∈ W, we get 0 = B sym (x, y) = B(x, y) + B(y, x), and then B(x, y) = B(y, x) (recall that V is defined over F 2 ). Hence by Proposition 3.7, B |W has a totally isotropic subspace of dimension ν(B |W ) = dim W − ⌊ 1 2 rk(B |W )⌋. As dim W = n − ⌊ 1 2 rk(B sym )⌋ (by Proposition 3.7), one obtains the first assertion. For the second one, it is enough to note that rk(B sym ) ≤ 2rk(B).
Bilinear form over the Kummer radical of the 2-elementary abelian maximal unramified extension.
-Let us start with a totally imaginary number field K. Denote by n the 2-rank of G ur
2 be the Kummer radical of the 2-elementary abelian maximal unramified extension K ur,2 /K. Then V is an F 2 -vector space of dimension n. As we have seen in section 1.3, for every prime ideal p of O K , the p-valuation of a i is even, and then (a i ) as ideal of O K has a sense.
, and a(x) := (x) ∈ O K . We can now introduce the bilinear form B K that plays a central role in our work.
Definition 3.9. -For a, b ∈ V , put:
where here we use the additive notation.
Remark 3.10. -The Hilbert symbol between a and b is trivial due to the parity of v q (a).
Of course, we have:
Proof. -The linearity on the right comes from the linearity of the Artin symbol and the linearity on the left is an easy observation. 
The bilinear form B K is not necessarily symmetric, but we will give later some situations where B K is symmetric. Let us give now two types of totally isotropic subspaces W that may appear. Of course one always has dim B = rkB + dimRad r . And, remark moreover that the restriction of B at Rad r produces a totally isotropic subspace of V.
Let us come back to the bilinear form B K on the Kummer radical of K ur,2 /K. Proposition 3.14. 
is a totally isotropic subspace of dimension r.
Proof.
trivial. Let us study all the possibilities.
• If p is inert in K/k, then as K(
•
is trivial.
• If p = P 1 P 2 splits, then obviously
, and then
It is then natural to define the index of K as follows: One can now present the main result of our work:
Proof. -Let G be a non-trivial uniform quotient of G 
is not zero (by Proposition 1.1). See also Remark 3.12. And thanks to the stategy developed in Section 3.1, we are done for the first part ot the theorem. We finish this section with the proof of the theorem presented in the introduction.
• As ν(K) ≤ n − 1 2 rk(B K ), see Proposition 3.5 and Remark 3.12, the assertion (i) can be deduced by Theorem 3.17.
• This is an obvious observation for the small dimensions. In the three cases, 
, where p * 0 ∈ {1, −4, ±8}. The 2-rank n of Cl K depends on the ramification of 2 in K/Q. Put K ur,2 the 2-elementary abelain maximal unramified extension of K:
Proof. -Obvious.
Hence the matrix of the bilinear form B K in the basis S is a square n × n Rédei-matrix type M K = (m i,j ) i,j , where
Here as usual, one uses the additive notation (the 1's are replaced by 0's and the −1's by 1).
. This quadratic field has a root discriminant |disc K | 1/2 = 73.89 · · · , but we dont know actually if G ur K (2) is finite or not; see the recent works of Boston and Wang [3] . Take S = {−3, −5, −7, −13}. Then the Gram matrix of B K in S is: 
3.3.3.
Relation with the 4-rank of the Class group -Density estimations. -The study of the 4-rank of the class group of quadratic number fields started with the work of Rédei [29] (see also [30] ). Since, many authors have contribued to its extensions, generalizations and applications. Let us cite an article of Lemmermeyer [19] where one can find a large litterature about the question. See also a nice paper of Stevenhagen [33] , and the work of Gerth [11] and Fouvry-Klüners [9] concerning the density question. 
It is not difficult to see that the sum of the rows is zero, hence the rank of M ′ K is smaller than n. 
